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Bremsstrahlung in hot plasmas with partially ionized atoms
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Analytical bremsstrahlung results are obtained in an ionic radial potential whose screening constantli due
to the bound electrons can be parametrized in terms of the atomic number and the degree of ionization. By
comparison with exact numerical results published for various incident electron energiesE, the precision
obtained for the cross sections is discussed in view of determining the energy lossesW, and the emissivity
coefficientsJ and total power lossesP for Maxwellian plasmas of temperatureT. The discrepancy between the
Born and Elwert-Born results for these three quantities is explained and the evolution with decreasing ioniza-
tion from the Coulomb to the neutral case is studied. The relative reduction of the radiation with increasing
screening is obtained satisfactorily in the simple approximations. Extrapolations using these reductions and
tables of exactW’s published for neutral atoms lead to ionic energy losses accurate to within 5%. HoweverW,
J, and P can all be determined successfully by direct simple expressions involvingE/l i

2, hn/l i
2, and/or

kT/l i
2. The precision is at worst 25% and in most cases only a few percent, especially in the range of a few

tens of keV.@S1063-651X~97!02201-0#

PACS number~s!: 52.25.Nr
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I. INTRODUCTION

Bremsstrahlung is an atomic process of importance in
plasmas both for its dominant contribution to the ene
losses@1,2# and for a current temperature diagnostic@3,4#.
We recall that the energy lossW(E) for an electron of given
energyE is obtained by integrating from zero to one over t
fraction hn/E of energy radiated. The emissivity coefficie
J(hn) at the photon energyhn is obtained by summation
over the free electrons of the plasma, which are assu
here to follow a Maxwellian distribution at temperatureT.
The total power lossP is the result of the double integration
We will determineW, J, andP for partially ionized ions,
taking into account the screening by the bound electrons
neglecting any screening by the free electrons of the plas
Our treatment is thus restricted to the temperature-den
region where the Debye-Hu¨ckel screening constan
lDH5@4pe2Ne/kT#1/2 is close to zero. We will make direc
determinations in the Born and Elwert-Born~EB! approxi-
mations by use of a parametric screened radial potential.
precision can be improved by extrapolation from the neu
limit, for which accurate cross sections andW have been
published@5#. The main utility of our approach will be fo
moderately hot plasmas where bremsstrahlung from part
ionized atoms dominates the radiation. On the one hand
high temperatures most free electrons are very energetic
the Coulomb cross sections~in theZ/r potential! are appro-
priate, even for the few ions that may not yet be fu
stripped. On the other hand, at low temperatures line em
sion and radiative recombination would dominate. Therefo
the present study mostly deals with temperaturesT of a few

*Present address: Laboratoire de Dynamique des Ions, Atom
Molécules, Case 75, Universite´ Pierre et Marie Curie, 4 place Jus
sieu, 75252 Paris, France.
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keV and tens of keV. The plasma will be assumed Maxwe
ian and optically thin.

In the pastW, J, andP have been calculated extensive
and exploited on the basis of Coulomb cross sections, so
times not even at their best level of accuracy. The straig
forward estimatesWKr , JKr , andPKr based on Kramers~Kr!
cross sections most often provide correct orders of ma
tude. The more precise results, including for the scree
cases, are conveniently expressed by their dimensionles
tios over the Kramers values, i.e.,W/WKr , J/JKr , and
P/PKr , where the Kramers estimates recalled in Eqs.~13!,
~19!, and ~27! are taken in theZ/r potential. The Coulomb
results should be applied only to very hot plasmas where
ions are fully stripped. However, in the more general situ
tion where partially ionized atoms are present, the sa
simulations and interpretations are nearly always adop
except for very dense plasmas where a few types of ave
atoms models have been be used@6–8#. In doing this, it has
been hoped that the presence of bound electrons aroun
nucleus does not introduce important modifications. It h
also been realized that more precise treatments would
lengthy and that the numerous atomic data needed, in g
eral, are not available or are very difficult to obtain.

The purpose of this paper is to evaluate how mislead
the optimism underlying the use of Coulomb results is and
propose easy determinations of ionic radiative losses
emissivities with good accuracy. Several first steps to find
solutions to this problem have been taken recently@9,10#.
The interpolation laws presented in Ref.@9# are, unfortu-
nately, of very limited applicability because the paramet
ionic potential used is available only in a few cases a
because the Coulomb exact data needed are very scarc
this work, we give a general expression of the screen
ionic constant and we find solutions that do not require
knowledge of Coulomb data. We discuss in details the p
cision of two ab initio determinations for wide ranges o
energies and we also propose results obtained by extrap

et
912 © 1997 The American Physical Society
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55 913BREMSSTRAHLUNG IN HOT PLASMAS WITH . . .
tions out of the neutral case. This work also goes bey
Ref. @9# by studying not only the cross sections andW, but
alsoJ andP. Moreover, we express the results by formu
that are easy to use and to apply numerically.

Section II deals with the ionic radial potential and t
resulting bremsstrahlung cross sections. Analytical cross
tions @9# have been obtained in Born and EB approximatio
from a radial ionic potential depending on the screening
rameterli and it was also observed that the ratios of t
neutral atom to Coulombic cross sections are obtained f
simple models with a good precision, even when the cr
sections themselves are not accurate. This fact had bee
ticed at lowerE’s with a classical mechanics model@11#.
This feature enabled the authors to find fruitful interpolati
laws between the neutral atom and Coulomb limits. Appli
tions are limited in practice because of the extreme rarity
precise Coulomb cross sections@12# ~data are available fo
only threeZ’s and six values ofE! and also because only
few li are accessible~only six Z’s and a few degrees o
ionization!. We propose here a convenient parametrization
li in terms of the atomic numberZ and the degree of ion
izationZi @see Eq.~2!#. We analyze the validity of the Born
and EB cross sections themselves for three atomic num
andE51–500 keV, in view of the determination ofP, W,
andJ, especially since inaccuracies can be smoothed ou
the later integrations. The accurate quantum-mechan
cross sections tabulated for neutral atoms@5# are taken as
exact values in the comparison. In the absence of very
cise data for the Coulomb case, we use the ones obta
from the recommendations of Pratt and Feng@13#. This dis-
cussion on the bremsstrahlung cross sections helps to
appropriate strategies to calculate the radiative losses an
emissivities with good accuracy.

The energy lossW(E) per unit length of path of an elec
tron of energyE is determined in Sec. III. The direct Bor
(B) and EB estimates are indicated in Eqs.~14! and ~15!.
The constant value of the ratioWEB/WBorn is accounted for.
As for the cross sections themselves, the ratio of the ene
losses for neutral atoms over the ones for fully stripped i
is nearly independent of the atomic model used. Interpola
laws between the Coulomb and neutral atom cases woul
of little use, unfortunately, again because of the scarcity
precise Coulomb data@12# ~only twoZ’s and three values o
E!. Very precise evaluations can be obtained instead by
trapolations from energy losses tabulated for the neutra
oms@5#, as indicated by Eq.~17a!. A quicker and less accu
rate ~better than 25%, however! estimate ofW/WKr is given
by Eq. ~17b!; it involves onlyZi /Z andE/l i

2.
Section IV deals with the emissivity coefficientsJ(hn),

which are obtained by integrations over an isotropic a
Maxwellian distribution at temperatureT. Use of the Gauss
Laguerre method@14# of integration is convenient and pre
cise enough. Moreover, it enables one to find thehn/T de-
pendence of the ratioJEB/JBorn. For large photon energies o
at high temperatures the relativistic Coulomb Gaunt fact
have to be used in the Gauss-Laguerre summation and
nonrelativistic results of@15# are not valid. In the lower re-
gime, when screening is important, use of the nonrelativi
EB Gaunt factors of Eqs.~6! and ~8! in Eq. ~25! leads to
satisfactory determinations, accurate to within 10% in g
eral. TheJ/JKr result depends onZi /Z, hn/T, andT/l i

2.
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The determination of the total power lossP/PKr is pre-
sented in Sec. V. The easiest evaluation is through Eq.~28!,
usingW values at the desired accuracy; that is, Eq.~17a! for
excellent precision and Eq.~17b! for a precision better than
10%. In last caseP/PKr is a simple function ofZi /Z and
T/l i

2.

II. DETERMINATION OF THE BREMSSTRAHLUNG
CROSS SECTIONS

Two types of parametric potentials have been propose
the past to describe the very interior or the interior parts of
atomic system. A potential of the formrU 152Z@1.01
Vi1(lr )1Vi2(lr )

21•••] correctly fits the Hartree-Fock
Slater potential deep inside the atom. Its resourcefulness
been demonstrated for continuum wave functions and ph
shifts @16#, photoeffect at high energies@17#, and internal
conversions@18#. Values ofl andVi j have been tabulated
for six atoms ofZ ranging from 13 to 92 with various de
grees of ionizationZi @19#; they were reproduced in figures
but only for neutral atoms, in a more accessible article@18#.
Another kind of parametric potential expressesrU i by a sum
of two Yukawa terms exp~2ar !. It leads to analytical ex-
pressions of the electron bremsstrahlung cross sections in
nonrelativistic Born approximation. Such cross sections,
volving the Debye screening constant, were used to calcu
opacities in dense plasmas@6#. More recently, a potentia
consisting of a Coulomb tail and a screened core has b
used to determine cross sections for isolated free ions@9#.
The applications were restricted to ions for which screen
values were accessible. In this work, we provide a gen
determination of the screening constant and we discuss
validity of the cross sections obtained forE51–500 keV.

A. Parametric potential

The radial atomic potential

rU i~r !52Zi2~Z2Zi !exp~2l i r ! ~1!

is especially well suited to describe ions of atomic numbeZ
and degree of ionizationZi . We recall in passing that the
Thomas-Fermi model givesl050.57Z1/3 for the neutral
atom. The screening constant proposed here is better ada
to the interior of the atom, as required by the treatment
bremsstrahlung at moderate energies. We determine i
using tables ofl values@19# that were based on the Hartre
Fock-Slater atomic potential@20#. Figure 1 illustrates the ac
curacy of our fitl050.8932AZa0

21 . We then establish the
relation of li to l0 by using the same tables and th
[12(Zi /Z)

n11]/[12Zi /Z] dependence noticed in Ref.@9#.
It enables us to establish a very simple dependence ofn upon
Z. The resulting value ofli to be used in Eq.~1! is thus~in
a0

21 units;a051 a.u.50.529310210 m!

l i
250.798Z

12~Zi /Z!n11

12Zi /Z
a0

22 with n5Z~ 1
320.0020Z!.

~2!
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914 55M. LAMOUREUX AND N. AVDONINA
B. Analytical bremsstrahlung cross sections

The main features of electron bremsstrahlung, i.e., the
diation of a photon as an electron is scattered by an atom
ion, can be found in review papers@13#. We are interested in
the differential cross sectionds(E,hn)/d(hn), already inte-
grated over the emission angles of the photon and of
electron. The Kramers cross section was obtained in a s
classical model and amounts to

dsKr~E,hn!

d~hn!
5

Z2

hn~v/c!2
sKr with sKr5

16p

3)
aFS
3 S \

mcD
2

,

~3!

wherec is the speed of light,m the mass of the electron,aFS
the fine-structure constant,v the velocity of the incident
electron, andsKr55.61310231 m255.61 mb. In more elabo
rate calculations or in measurements, the scaling inhn and
v2 remains precious to provide correct orders of magnitu
The so-called reduced cross sections(E,hn) in Eq. ~4! is the
quantity tabulated in most published data tables. The dim
sionless Gaunt factor is the ratio of any type of cross sect
be it experimental or theoretical, over the Kramers cross s
tion

ds~E,hn!

d~hn!
5

Z2

hn~v/c!2
s~E,hn!5G~E,hn!

dsKr~E,hn!

d~hn!
.

~4!

The most sophisticated quantum-mechanical cross
tions in our domain of interest are obtained from the multi
relativistic partial-wave~PW! model @21#. Its quality was
confirmed by confrontations with other models in the Co
lomb case and by comparisons to very scarce experime
results for neutrals. After a few data points have been p
lished for neutral atoms@21,12# or ions @22#, the s(E,hn)
have been tabulated@5# for all neutral atoms ofZ51–92,
with fixed E values ranging from 1 to 2000 keV, and fo
proportions of energy radiated from 0 up to 100%. Sin
there are very few experimental results for neutral atoms
none for ions, these PW theoretical data will be used in or
to evaluate the quality of our cross-section estimates.

FIG. 1. Screening parameterl0 of Eq. ~1! in a.u. ~a0
21! for

neutral atoms of atomic numberZ. Data points are fitted by the
curve 0.8932AZ.
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The Born analytical cross sections involve the screen
parameterl1(Z,Zi) of Eq. ~2! and the maximum and mini
mum momenta transferred in the collision

k65
A2mE6A2m~E2hn!

\
. ~5!

The Gaunt factor for the ion witha5Zi /Z writes, in the
nonrelativistic Born approximation,

GB
i ~E,hn!5

)

2p H a2ln
k1
2

k2
2 1@12a2# ln

k1
2 1l i

2

k2
2 1l i

2

1l i
2@12a#2F 1

k1
2 1l i

22
1

k2
2 1l i

2G J . ~6!

While the Gaunt factor depends simply onk1
2 /k2

2 for the
Coulomb case, it depends also onk1

2 /l i
2 andk2

2 /l i
2 for the

screened case.
As it is well known @13#, the Elwert factorEF(E,hn) in

Eq. ~7! has been introduced in the Coulomb case to impro
the cross sections for high proportionshn/E, whereG would
unphysically tend to zero otherwise. It involves the quant
b andb8 of the incident and of the outgoing electrons, wi
b5v/c. In the energy range treated here, we observed
the ratio involving the exponentials is very close to uni
Unless otherwise specified, we will therefore use the m
simple and nonrelativistic Elwert factorE(E,hn). The full
and simplified Elwert factors are

EF~E,hn!5F b

b8GF 12exp~22pZaFS/b!

12exp~22pZaFS/b8!G ,
E~E,hn!5

AE
AE2hn

. ~7!

The Gaunt factor corresponding to the Elwert-Born a
proximation becomes, in the simple version,

GEB
i ~E,hn!5

AE
AE2hn

GB
i ~E,hn!. ~8!

At the tip end, we have

GEB
i ——→

hn/E→1 )

2p H a21
12a2

11
l i
2

kph
2

2
l i
2

kph
2

~12a!2

S 11
l i
2

kph
2 D 2 J ,

~9!

where the photon energy is characterized bykph
2 52mhn/\2.

Notice that the screened Gaunt factor is reduced in comp
son to the Coulomb value)/2p. At the other limit when
E@hn, we have
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55 915BREMSSTRAHLUNG IN HOT PLASMAS WITH . . .
GEB
i ——→

hn/E→0 )

2p
$~11a2!ln~4E!22a2 ln~hn!

1~12a2!lnS 2m

\2l i
2D 2~12a!2%. ~10!

C. Cross-section results for the Coulomb case

Some typical features recalled for Coulomb bremsstr
lung are helpful to probe the simple approximations. T
Kramers-Gaunt factor, the Born-Gaunt factor, and the s
plified Elwert-Born-Gaunt factor are

GKr51, GB
Cb5
)

p
ln

AE1AE2hn

AE2AE2hn
,

GEB
Cb5

AE
AE2hn

GB
Cb. ~11!

They are plotted versus the one variablehn/E in Fig. 2. The
figure also shows two curves obtained for silver by the a
lytical formula corresponding to the relativistic Elwert-Bo
approximation@23# @the full expression of the Elwert facto
in Eq. ~7! is used then#. The conclusion is that the Elwer
factor is necessary and that the relativistic effects are ne
gible at 10 keV but become appreciable at 50 keV.

Figure 3 compares theGEB
Cb curve to some of the scarc

precise PW data points available@12,24#. TheGEB
Cb values are

significantly different from the PW values for Al atE550
keV abovehn/E50.5 and for Au atE55 keV belowhn/E
50.4. In both cases, better Coulomb evaluations are obta
through the recommendations of Pratt and Feng@13#, who
defined validity domains for various formulas obtained
quantum or in classical mechanics. For Al131 the agreemen
is reached by the relativistic Elwert-Born formula, leading
a Gaunt factor of 0.72 versus 0.74 for the PW point athn/E
50.9. Qualitatively speaking, the Born approximation r

FIG. 2. Gaunt factor for the Coulomb cross section vs the p
portion of energy radiatedhn/E. Simple evaluations of Eq.~11! for
Kramers ~Kr!, Born (B), and Elwert-Born~EB! approximations.
Also indicated~—! are the relativistic Elwert-Born-Gaunt factor
@23# for Ag471 at the incident electron energiesE510 and 50 keV.
-
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-

-
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mains valid for lowZ’s until lower energiesE, and the rela-
tivistic effects, of course, are more important at higherE’s.
A favorable aspect appears in the total cross sections, tho
it would not in the angular-dependent cross sections. T
relativistic effects and the involvement of the higher mul
poles have opposite consequences, so that the nonrelativ
Born approximation remains valid until higherE’s than ex-
pected. For the second case, Au791 at E55 keV, the good
estimate is obtained by classical mechanics, giving 1.33
stead of 1.44 for the PW point athn/E50.2. Of course, this
improvement of the Coulomb values, though still achiev
by use of analytical formulas, is done at the expense of
simplicity of the formulas and, even more important, witho
allowing any hope for an easy extension to screened cas

Among theG of Eq. ~11!, GKr and GB
Cb are failing at

moderate energies, either for not reproducing the steep
cent at smallhn/E values or for leading to an unreasonab
descent at largehn/E. For E of a few tens of keV,GEB

Cb is
definitively the most satisfying estimate for fully strippe
ions. In the energy domains where it starts to fail or if
better precision is needed, the more complicated set of C
lomb expressions@13# is the recommended solution.

Let us make a last remark on the behavior at the tip
high energies. For a givenhn/E theGPW

Cb are decreasing with
increasingE for relativistic reasons. For example, the valu
for Al at hn/E50.9 are 1.11, 0.74, 0.64, 0.56, and 0.26 f
E55, 50, 75, 100, and 500 keV, respectively@12,24#. The
GEB

Cb estimate goes down to 2)/p51.10 at the tip and canno
reproduce values lower than that. On the contrary,GB

Cb goes
to zero at the tip. It amounts to 0.36 forhn/E50.9 and is
thus more satisfactory thanGEB

Cb ; this happens to be a com
bined positive effect of the neglect of the relativistic effec
per seand of the omission of the Elwert factor. At hig
electron energies,GB

Cb thus happens to be of better quali
thanGEB

Cb .

D. Cross-section results for screened cases
at fixed incident electron energyE

Some values for Fe and Mo obtained in Born and E
approximations were presented in detail atE55, 10, 50, and

- FIG. 3. Coulomb Gaunt factors vshn/E. Comparison of the EB
~––! simple evaluation of Eq.~11! with elaborate PW data@12# for
fully stripped Al ~circles! and Au ~squares! at E55 and 50 keV.
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916 55M. LAMOUREUX AND N. AVDONINA
100 keV@9#; the full Elwert expression was employed for th
EB results. We reproduce very similar values by using E
~2!, ~6!, and~8!, which confirms that the parametrization
li and the simplified expression of the Elwert factor are
propriate. The EB values were compared to PW data w
available @9# and, for that reason, were restricted tohn/E
.0.7 for ions. For the examples discussed, the agreem
was at worst of order 15%, which is, of course, the same
the present EB Gaunt factors. We extend here the discus
of our approximation to lower and to largerE’s, where it is
expected to be less accurate, and we will also compare
EB estimates to relativistic numerical Elwert-Born resul
These additional comparisons will enable us to discuss
validity domains of the EB as well of the Born approxim
tions. The numerical Elwert-Born data quoted below ha
been determined in the relativistic Elwert-Born form fact
model~EBF!. The PW and EBF data were obtained from t
same relativistic potential@20# and are taken from Ref.@12#.

ForZ547 atE51 keV, the four models illustrated in Fig
4 account for the fact that the screening by the bound e
trons suppresses the divergence at smallhn/E typical of the
Coulomb case and it significantly diminishes the Gaunt f
tors in comparison toGKr51. The EBF curve lies abou
twice as high as the PW curve, and this discrepancy is
only to the shortcomings of Born approximation itself,
both models are relativistic and use the same numerical
tential. Our EB curve happens to be relatively closer to
PW curve, but is significantly lower than the EBF curve.
such relatively low energies, the discrepancy between the
and EBF estimates cannot be due to relativistic effects
therefore comes only from a bad description of the poten
by our parametrization in the relatively exterior radial regi
of interest. These two conclusions are confirmed by the
that the curve@25# obtained in a simple classical mechani
model and not given here is nearly superposed to the e
PW curve when starting from the numerical potential, wh
our parametrized potential leads in the same model t
curve that lies too low~the values, not plotted here, are 0.1
at the soft end and 0.23 at the tip!. The significative distance

FIG. 4. Gaunt factor for neutral Ag at the incident electr
energies ofE51 and 10 keV vshn/E. ---, Born evaluation of Eq.
~6!; ––, Elwert-Born evaluation of Eqs.~6! and ~8!. Triangles and
squares are the relativistic numerical Elwert-Born~EBF! and the
elaborate PW data points of Ref.@12#.
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selected by the classical mechanics approach are, res
tively, 0.39a0 and 0.37a0 at the soft end and at the tip. Th
radial range involved in Born approximations is rough
given by 1/k6 and is thus estimated to 0.053a0–233a0 at the
soft end and 0.11a0 at the tip. The parametrization of Eq.~1!
is appropriate forr!1/l0, that is,r,0.163a0 for neutral Ag.
This is a reason why neither the classical mechanics me
nor the Elwert-Born approximation—together with the fa
that Elwert-Born approximation is not valid at these energ
for Ag anyway—can work when using the parametrized p
tential of Eqs. ~1! and ~2!. This obstacle disappears, o
course, with increasingE’s. At E55 or 10 keV, the EBF and
EB curves are very similar. Together with the classical m
chanics curve~not plotted here!, they come close to the PW
curve.

Examples are given in Fig. 4 forE510 keV and in Fig. 5
for E550 keV. At 50 keV, the EB, EBF, and PW curves a
very close to each other. As expected, the use of the clas
mechanics approach has become out of the question. In
energy rangeE51–500 keV, it never happens that th
simple classical mechanics approach using our parametr
potential is doing significantly better than the present
approximation. Since the Born or EB methods are, by natu
better suited to energies greater than a few tens of keV, o
these two models will be kept under scrutiny. The classi
mechanics approaches should be reserved to the lower e
gies and another type of parametrized potential should t
be used.

Looking again at Fig. 5, we see that even atE550 keV,
the screened case remains significantly different from
Coulomb case until abouthn/E50.2. At still higher energies
such asE5180 keV, the agreement of the EB with the EB
values starts to deteriorate. AtE5500 keV, as shown in Fig
6, the EB approximation is doing badly except at the s
end. Abovehn/E.0.3, the screened and Coulomb EB r
sults are very similar, and both fail to reproduce the dr
with increasing photon energies. The EB approximation i
proved by using the full expression of the Gaunt factor in E
~7! leads to only slightly better results. The EBF and the P
points are very similar to each other over the whole sp
trum; as soon as abovehn/E50.1 they become very simila

FIG. 5. Same as in Fig. 4, but forE550 keV. ––, EB by Eqs.
~6! and~8!. Triangles and squares are the EBF and PW data po
of Ref. @12#. Also indicated is the EB Coulomb curve of Eq.~11!.
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55 917BREMSSTRAHLUNG IN HOT PLASMAS WITH . . .
to the relativistic Coulomb-Elwert-Born results. As we h
noticed for the Coulomb cases relatively to the tip region,
Born approximation happens to be more efficient than
EB approximation. In fact, atE5500 keV, the nonrelativistic
Born approximation is much more satisfactory than the n
relativistic Elwert-Born approximation.

E. Cross-section results at fixed photon energies

Since the emissivity coefficientsJ(hn) are calculated
from cross sections at a givenhn, it is interesting to conside
Gaunt factors in the representation versusE. Figure 7 is a
companion to Fig. 2,hn being now constant and equal to 1
keV and E varying from 10 to 200 keV. The relativistic
effects become appreciable with increasingE’s. On the con-

FIG. 6. Gaunt factor for neutral Ag at the incident electr
energy ofE5500 keV vshn/E. ---, Born evaluation of Eq.~6!;
–––, Elwert-Born evaluation by Eqs.~6! and~8!; -•-, Elwert-Born
evaluation with use of the full Elwert factor in Eq.~7!. Triangles
and squares are the numerical relativistic Elwert-Born~EBF! and
the elaborate PW data points of Ref.@12#. Also indicated are two
Coulomb curves: –––, Elwert-Born evaluation of Eq.~11!; –-–,
relativistic Elwert-Born evaluation@23#.

FIG. 7. Gaunt factor for the Coulomb cross section vsE/hn.
Simple evaluations of Eq.~11! for Kramers, Born, and Elwert-Born
approximations. Also indicated are the relativistic Born@23# ~–---–!
and Elwert-Born@23# values~–-–! for Ag471 at hn510 keV.
e
e

-

trary, the discard of the Elwert factor would introduce a lar
error for small values ofE/hn. Figure 8 shows results fo
silver ions. Notice thatG(E,hn) is roughly linear in ln(E).
This is consistent with Eq.~10! and the slopes are, in fac
around)/2p for the neutral and twice more for the Cou
lomb case.

III. ENERGY LOSS PER ELECTRON

A. Determination of the energy loss

The energyW(E) radiated by an electron of energyE, per
unit length of path and for one ion per unit volume, is giv
by

W~E!5E
0

E

hn
ds~E,hn!

d~hn!
d~hn!,

W~E!

WKr~E!
5E

0

1

G~E,hn!d
hn

E
. ~12!

In the Coulomb case, the three simplest approaches of
~11! lead to constant values @~dimension!5
~energy!3~surface!#

WKr5Z2
8p

3)

aFS
3 \2

m
,

WB
Cb

WKr
5
2)

p
,

WEB
Cb

WKr
5
2)

p
2 ln2,

~13!

with WKr51.8831026 ~in a.u.!52.29310244 ~in SI
units!. WKr andWB

Cb differ only by 10% though the corre
sponding Gaunt factors are quite different@see Eq.~11! and
Fig. 2#. This is due to compensation effects in the course
the integration. It should not be concluded that any other
more elaborate model would also lead to a similar val
Certainly the choice of the method matters less toW(E) than
to the Gaunt factors at some criticalhn/E, but it can still
play an important role. Here, for example,WEB

Cb is bigger by
around 50 %. This larger value is a more realistic estimat
moderateE’s, as shown in Figs. 2 and 3.

For the screened cases the energy losses have been c
lated from the Born and EB Gaunt factors of Eqs.~5!, ~6!,

FIG. 8. Gaunt factors for various degrees of ionization of Ag
the Elwert-Born approximation of Eqs.~6! and~8! at hn54.5 keV.
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918 55M. LAMOUREUX AND N. AVDONINA
and~8!. For the ion ofa5Zi /Z, the dimensionless quantitie
~which could be called the Gaunt factors relative to the
ergy losses! are, respectively, in the Born@9# and EB mod-
els;

WB
i ~Pi !

WKr
5
2)

p F112
12a

Pi
2 ln~11Pi

2!

2
~12a!~31a!

Pi
arctanP1G , ~14!

WEB
i ~Pi !

WKr
5
2)

p
2 ln2Fa21

12a2

2 ln2
lnS 11Pi

2

11Pi
2/4D

1
~12a!~31a!

2 ln2Pi
S arctanPi22 arctan

Pi

2 D G ,
~15!

with the dimensionless variablePi52A2mE/\l i , l i given
by Eq. ~2!, andE for the incident electron energy.

B. Results of energy losses

Results are plotted in Fig. 9 fora5Zi /Z50, 0.5, and 1.
At large and small values ofP, the ordinates go over respe
tively to the Coulomb Born and EB values given in Eq.~13!
or toa2 times these Coulomb limits. Equations~14! and~15!
enable us to treat the transition region. At any givenP value,
when the electron energy isE for the neutral atom, it is
~12a!/~12an11! E for the ion, according to Eq.~2!.

Results are plotted in Figs. 10 and 11 for a few neu
atoms and forE51–500 keV. They are compared to PW
quantum-mechanical tabulated data, theWPW

0 /WKr values be-
ing obtained by dividing the last column of the tables@5#
upon 4.837. The PW curves are comprised between the B
and EB curves. The energy losses for Ag in Fig. 10 can
discussed by looking at theG(E,hn) of Figs. 4–6. At small
E, the result of the integration in Eq.~12! ends up being
closer to the PW exact values when using Born instead of
cross sections, as predictable from Fig. 4 forE51 keV. This
is a fortunate composite effect that use of the parame
potential and of the Elwert-Born approximation are inapp

FIG. 9. Energy losses for Ag ions vsPi as obtained in the Born
~---! and EB~––! approximations by Eqs.~14! and ~15!.
-
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priate at that energy, as already pointed at in Sec. II D.
higher but still moderate energies,WEB becomes very satis
fying, and this on a sound basis. At highE’s, the EB method
starts to overestimate the energy loss, which could be du
the use of the simplified Elwert factor of Eq.~7!. The ana-
lytical feasibility in Eq.~12! is maintained and the quality o
theWEB

0 values slightly improved by using the nearly com
plete expressionE(E,hn) @12exp~22pZaFS/b# instead of
just E(E,hn). The energy losses for Al and Au in Fig. 1
confirm these conclusions, but the limit energies betwe
which the EB approximation is the better choice are shift
At lower Z’s, the Elwert-Born approximation is known to b
valid until lower energies; it is very satisfactory for Al a
ready atE51 keV. With increasingE’s, the fact to use a
more or less complete form of the Elwert factor matters s
nificantly because Z is low. At E510 keV the
WEB

0 @12exp~22pZaFS/b!# is already an advisable solution
Above around 100 keV, this is not a good enough impro
ment.GB

0 has become a better value for reasons indicate
Sec. II D and henceWB

0 is also a better choice. On the con
trary, for the heavier atom Au, it is only above around
keV thatWEB

0 becomes the better choice; it is still the appr
priate choice atE5500 keV.

FIG. 10. Energy losses for neutral Ag vs electron ene
E. Born ~---! and Elwert-Born approximations~––! by Eqs.~14!
and~15! and squares from the improved EB approximation by us
the Elwert factor@12exp~22pZaFS/b# A12hn/E. The solid line
is from the PW elaborate model@5,12#.

FIG. 11. Same as Fig. 10, but for neutral Al and Au.
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55 919BREMSSTRAHLUNG IN HOT PLASMAS WITH . . .
In conclusion, the Born approximation happens to be
better choice either at small or at large energies, whereas
Elwert-Born approximation is very satisfactory at interme
ateE’s. If we do not want to setZ-dependent limits, it is
safe, though restrictive, to say that for these neutral ato
the EB approximation is satisfactory within a precision bet
than 15% betweenE520 and 200 keV. This is an excellen
accuracy in view of the simplicity of Eq.~15!.

C. Discussion in relation with the Coulomb results

In order to improve this already satisfying precision
using interpolation or extrapolation laws involving the Co
lomb results, it is necessary to discuss the various Coulo
estimates. Figure 12 and Table I contain the very f
quantum-mechanicalWPW

Cb published@12#. For these six data
points, we show again the corresponding neutralWPW

0 @5#.
Unlike the Born and EB evaluations, the exact estimates
pend not only onP0 but also onZ. Figure 12 and Table I
confirm for the neutral atoms and shows for the Coulo
case that the EB approximation is better at moderateP val-
ues. The Born approximation becomes more satisfactor
small P’s, especially for highZ’s, it is again more satisfac
tory at highP’s especially for smallZ’s.

Figures 9 and 12 also point out that the ratioWEB/WB is
nearly independent ofP. At high P values, the ratio goes

FIG. 12. Comparison of energy losses in the neutral and C
lomb cases vsP0. Born ~---! and Elwert-Born approximations~––!
by Eqs.~14! and ~15!. Full squares and triangles are elaborate P
results@5# for neutral Al and Au and empty squares and triang
are the corresponding results@12# for the Coulomb case, for variou
values ofE in keV.
e
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over to the Coulomb limit, i.e. to 1.39 according to Eq.~13!.
At small P’s, as found for smallE’s, theGEB(hn/E) curves
are flat~see Fig. 4!. In that situation,GB is roughly equal to
a constant value multiplied byA12hn/E according to Eq.
~8!. After the integration overhn/E in Eq. ~12! is done, we
obtainWEB/WB51.5. In the intermediate cases where t
G(E,hn) is comprised between a Coulomb curve and a
curve, we thus expect thatWEB/WB amounts to 1.39–1.5 fo
any ion or energy in our domain of interest. This is inde
what is observed in Figs. 9 and 12. SinceWEB

Cb andWB
Cb are

constant values, it demonstrates at the same time
WB

i /WB
Cb and WEB

i /WEB
Cb are always similar to each othe

within around 8%, as written down in Eq.~16!.
Table I and Figs. 12 and 13 concentrate on comparing

present Born and EB energy loss results to the correspon
PW values, for the limit casesZi /Z50 and 1. They deal in
details with the Al and Au cases, withE going from 10 to
500 keV. TheWEB andWB are usually obtained with a pre
cision better than 30%. This good agreement is possi
though some of bremsstrahlung cross sections involved
be wrong by as much as 50%. This happens because o
cancellation effects that are produced in the integration o
hn/E. The precision with which the ratiosWEB

0 /WEB
Cb and

WB
0/WB

Cb are obtained is also usually much better than
precision with which any of these fourW’s is obtained. The
case corresponding to Al atE550 keV is particularly illus-
trative to that respect. Figure 13 and the last two column

u-

s

FIG. 13. Ratios of the neutral atom to Coulombic energy loss
Same notations as in Fig. 12, with squares for Al and triangles
Au.
ative
d

TABLE I. Relative precision~in %! of the energy losses obtained in the Born (B) and Elwert-Born~EB! approximations from Eqs.~14!
and~15! in comparison with the more accurate PW data@5,12#.W0 andWCb are the energy losses for the neutral and Coulomb cases rel
to Au or Al. The incident electron energyE is in keV and the dimensionless quantityP052A2mE/\l0. The Coulomb data PF correspon
to use of the Pratt-Feng recommendations for the cross sections@13#.

Atom P0 E W°uB W°uEB WCbuB WCbuEB WCbuFP W°/WCbuB W°/WCbuEB

Au 6.83 10 218 24 218 13 21.5 20.4 9.4
Au 15.3 50 230 3 229 21 27.5 21.4 4.5
Al 16.8 10 241 3 223 6.1 0.7 27 22
Al 37.5 50 218 16 216 16 27.0 22 0.3
Au 48.3 500 231 23 230 22.5 22.5 22.5 0.1
Al 119 500 24 34 23.7 31 224.0 1 2
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920 55M. LAMOUREUX AND N. AVDONINA
Table I confirm that the ratiosW0/WCb are very similar in the
Born and EB models and also show that they are very sim
to the more exact PW estimates

WEB
i ~E!

WB
i ~E!

>1.39–1.5,
WB

0~E!

WB
Cb >

WEB
0 ~E!

WEB
Cb >

WPW
0 ~E!

WPW
Cb ~E!

.

~16!

The ratioW0/WCb is better reproduced in the EB model
moderateP values and better in the Born model at extrem
P values. If one desires a solution that isP independent, it is
as a whole safer to use the Born model, the precision be
then better than 7% over the wholeP range. The equality of
WB

0/WB
Cb andWPW

0 /WPW
Cb had been noticed earlier@9#, but

without any discussion and by using anterior less prec
WPW

0 @12#. The half sum of the Born and EB ratios is alwa
exact within 4.5% for these examples illustrated in Table

D. Recommendation for the evaluation
of precise ionic energy losses

The possibility offered by Eq.~16! is to extrapolate the
ionic energy loss from the fully stripped value byWi(E)
5WPW

Cb (E)@WB
i (E)/WB

Cb#. An interpolation method was sug
gested@9# between the Coulomb and the screened cases.
practical drawback is the shortage ofWPW

Cb (E) published, in
fact only six points. So to get precise Coulomb values,
started from the cross sections recommended by Pratt
Feng@13# and already used in Sec. II C. TheWPF

Cb results are
showed in Table I. The agreement withWPW

Cb is improved in
comparison to both the Born and EB models only for two
the six cases available; it remains as high as 7% for Al
Au at E550 keV. Considering that uncertainty and also t
one on the ratiosWi(E)/WCb(E), we cannot expect to im
prove the precision of the ionic estimates to much better t
10%. This is hardly an improvement over what is most of
achieved by the directWEB

i orWB
i estimates.

The other and better possibility is to base the determ
tion of the ionic energy loss on the exact neutral PW ene
lossesWPW

0 . TheWPW
0 (E) needed is extrapolated from tab

lated values that are densely enough spaced@5#. We obtain
the ionic energy loss with a precision of better than arou
4.5% by the formula

Wi~E!>
WPW

0 ~E!

2 FWB
i ~E!

WB
0~E!

1
WEB

i ~E!

WEB
0 ~E!G , ~17a!

whereWB andWEB are given by Eqs.~14! and ~15!.
We recall that if a precision of around 15% is sufficien

WB
i andWEB

i themselves are a quicker determination, t
first one for small and large values ofE, the second one fo
moderateP values. A quick look at the agreement ofWB

0

andWEB
0 with WPW

0 for the energy considered may be a w
to decide which approach is better. Finally, a less prec
~not worse than 25%, however, and usually much better! but
simpler approach is to take the half sum of the Born and
estimates, which leads to
r

g

e

.

he

e
nd

f
d
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n
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y

d

,
e

e

B

Wi

WKr
5
2)

p F121a2 ln21~12a!H ln~11Pi
2!

Pi
2

1
11a

2
lnS 11Pi

2

11Pi
2/4D 2

31a

Pi
arctan

Pi

2 J G .
~17b!

IV. EMISSIVITY COEFFICIENT AND SPECTRUM
IN A MAXWELLIAN PLASMA

A. Determination of the emissisivity coefficient

The bremsstrahlung emission in the plasma is due to
collisions of the free electron population energetically pa
tioned on a distribution functionf (E) normalized by
*0

`f (E)dE51. Let us callN(hn) the number of photons
emitted per second and per unit of photon energy range
plasma at unit electron and ion densities. By definition
emissivity coefficient@~dimension!5~volume!/~time!# is

J~hn!5hnN~hn!5hnE
hn

` ds~E,hn!

d~hn!
v f ~E!dE,

~18!

v being the velocity of the incident electron in the brem
strahlung collision. Consequences of a possible n
Maxwellian character on the spectra have been studied
perimentally and theoretically for various cases mention
for example, in Ref.@26#. We concentrate here on the influ
ence of a not complete ionization on the bremsstrahlu
emission and consider only Maxwellian plasmas. Wh
Kramers cross sections are used the Maxwellian emissi
coefficient~for the 4p s and the two modes of polarization!
takes the simple expression

JKr~hn!5
1

21.531.5p2.5

e6

«0
3c3m1.5\

Z2
expS 2

hn

kTD
AkT

.

~19!

The numerical constant in Eq.~19! amounts to 3.0031026

when using a.u. througout~including for Ne , Ni , and the
time!, 3.8310229 when using SI units all throughout, an
3.0310221 in the same case but for the temperature in keV
the square root.

The integration overE is conveniently calculated in a
Maxwellian plasma by the Gauss-Laguerre method@14# with
abscissat i and weight factorswi . The Gaunt factor for emis-
sivity coefficients amounts to

Ji~hn!

JKr~hn!
5

1

kT
expS hn

kTD Ehn
Gi~E,hn!expS 2

E

kTDdE
5(

j
wjG

i~ t jkT1hn,hn!. ~20!

When the Born or EB cross-section Gaunt factors of Eqs.~5!,
~6!, and~8! are used, it is a function of the two dimensionle
quantitieshn/kT and Li52A2mkT/(\l i). Because of the
exponential decrease, the influential Gaunt factors co
spond toE close tohv. Since the Elwert factor has bee
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55 921BREMSSTRAHLUNG IN HOT PLASMAS WITH . . .
introduced to improve the quality of the cross sections in t
region,JEB will be a better estimate thanJB . This might be
the contrary only at highT’s, but then the plasma would b
fully ionized and estimations for partially ionized atom
would not be needed. On the other hand, in the region
very smallhn ’s, the line emission and radiative recombin
tion would dominate the spectrum.

The exponential behavior ofJKr in Eq. ~19! implies an
obvious temperature diagnostic@3#. When using cross sec
tions more sophisticated than Kramers ones, the ‘‘spec
temperature’’Ts defined below depends on the photon e
ergy at which it is evaluated and may significantly diff
from the thermodynamical temperatureT. Application of the
direct simple diagnostic can then be misleading even i
Maxwellian plasma

kTs52
d@hn#

d ln@J~hn!#
ÞkT, Ts,Kr[T. ~21!

B. Results of emissivity coefficients

SomeJEB
i (hn) results are plotted in Fig. 14 for silver a

T510 keV. Though the highly ionized ions are abundant
that plasma, the curves are drawn fromZi50 toZ in order to
show howJ/Z2 depends onZi . The emission is larger for the
higherZi ’s because theG’s are bigger at smallhn/E when
the potential is more Coulombic. The trend is stronger
small hn ’s, since the contribution of the electrons wi
smallerhn/E is then more dominant. Figure 14 shows,
addition, the straight line relative toJKr/Z

2. The curves cor-
responding to the small and largeZi ’s do not run parallel to
it, especially at smallhn ’s.

Figure 15 shows the ‘‘spectral temperature’’ deduc
from the emissivity curves of Fig. 14. Only forZi527 isTs
close toT over the whole photon range. ForZi /Z close to 0
or to 1, Ts significantly differs fromT at small hn ’s, as
expected. A precise interpretation of experimental spe
would then require some knowledge of the ionic populatio
and a good estimate ofJ(hn) for the abundant ions.

Values of J(hn)/JKr(hn) are shown in Fig. 16 for the
same plasma, for both EB and Born approximations and o

FIG. 14. Emissivity coefficients for Ag ions in a plasma
temperatureT510 keV vs photon energy, as obtained in the E
approximation by Eq.~25!.
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for the two limitsZi /Z50 and 1. The Coulomb and neutra
atom results become close to each other at highhn/kT in
each approximation since the electrons involved beco
more energetic and the screening effect thereby negligi
As expected from Eq.~20!, JEB(hn)/JKr(hn) goes over to
GEB(hn,hn)51.10. On the contrary, the screened and
Coulomb results differ from each other at smallhn/kT
where the screening is more influential. At this end of t
spectrum the EB and Born approximations lead to sim
results because the Elwert factor is close to one for sm
hn/E values.

Figure 16 shows thatF5JEB/JB increases withhn/kT
and suggests that this ratio is nearly the same for the ne
and the Coulomb cases. The value ofF(hn/kT) can be
evaluated by usingGEB(E,hn)5a(hn)1b(hn)ln(E), as
suggested by Fig. 8 and Eq.~10!. The corresponding Born
Gaunt factor is GB(E,hn)5A12hn/E @a(hn)
1b(hn)ln(E)#. When performing the integration of Eq
~20!, we find

JEB~hn!

JKr~hn!
5@a~hn!1b~hn!ln~hn!#2b~hn!

3Ei~2hn/kT!exp~hn/kT!5C1D. ~22!

The second termD involving the exponential integral func
tion Ei is usually smaller. The Born emissivity cannot b
obtained analytically and is calculated by the summation
Eq. ~20!. The part of the integrand that brings in the termC
in Eq. ~22! for the EB approximation leads to the termC/F1
in the Born approximation, while the part that brings in t
termD leads toD/F2. At each pole, we define the quantit
yi5(1/t i)(hn/kT). The factorsF1 andF2 rigorously depend
only on the ratiohn/kT and amount, respectively, to

F5
JEB
JB

>F1~hn/kT!5
1

(
i
wi /~11yi !

.F2~hn/kT!

5

(
i
wi ln~111/yi !

(
i
wi /~11yi !ln~111/yi !

. ~23!

FIG. 15. Spectral temperatures deduced from the emissivity
efficients of Fig. 14 by Eq.~21!. Same notations as in Fig. 14.
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922 55M. LAMOUREUX AND N. AVDONINA
These two factors are drawn in Fig. 17. The actual ratioF
are expected to be between these two values and much c
to F1. The numerical results ofJEB(hn)/JB(hn) correspond-
ing to the silver plasma at 10 keV for the neutral atom a
Coulomb extreme cases are also plotted in the same fig
They are close to each other as well as very close toF1. We
found very similar values ofF(hn/kT) for partially ionized
silver atoms and for higherT’s. Whatever the ionic compo
sition of the plasma the EB and Born estimates will th
differ within a precision of a couple of percent by the fact
F1. It is close to 1 andJB would thus be acceptable only a
smallhn ’s where the spectrum is dominated by line emiss
and radiative recombination. In conclusion,JEB is always the
proper choice in regions of practical interest.

C. Recommendations for the determination
of ionic emissivity coefficients

From the preceding subsection it can be concluded
for any given value ofhn/kT we haveJEB

0 /JEB
Cb5JB

0/JB
Cb and

FIG. 16. RatioJ/JKr for the neutral atom and Coulomb cases
hn/kT for Ag in a plasma atkT510 keV. ---, Born approximation;
––, Elwert-Born approximation; —, using PF@13# cross sections
for the Coulomb case and PW elaborate cross sections@5# for the
neutral limit;d, Karzas-Latter results@15#.

FIG. 17. Ratio of the EB to the Born emissivity coefficient f
Ag neutral~—! and Coulomb~---! cases in a plasma of temperatu
T510 keV, as obtained by Eqs.~20!, ~6!, and~8!, compared to the
factorsF1 andF2 of Eq. ~23!.
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this is indeed verified for the silver example~see Fig. 18!. It
would be tempting to conclude that this ratio is accurate,
was verified for the energy lossesW(E) in Sec. III. Such a
step is not obvious because of a complete lack ofJPW pub-
lished results, both in the Coulomb and in the neutral at
cases. In the Coulomb case, we cannot even calculate
JPW
Cb because there is nearly noGPW

Cb published. In order to
determine at least a more exactJCb, we started from the
Coulombic Gaunt factors recommended by Pratt and F
~PF! @13#. The JPF

Cb curve obtained is shown in Fig. 16. W
also plotted a few nonrelativistic quantum-mechanical da
as we could read them approximatively from Figs. 3–5 of
article by Karzas and Latter@15#. For theE energies in-
volved at that temperature, the relativistic effects are ne
gible and the Karzas-Latter~KL ! points should be close to
the JPF

Cb curve. The agreement is indeed observed in Fig.
which confirms that we can take theJPF

Cb curve as a reason
ably exact curve. Forhn/kT.1, JPF

Cb is also very close to
these two sets of Coulomb results, as in fact the n
relativistic EB approximation is valid. Coming now to th
determination ofJPW

0 , we used in the second part of Eq.~20!
Gaunt factors doubly interpolated from the PW cross s
tions tables@5#. The curveJPW

0 /JKr is drawn in Fig. 16. It lies
below theJEB

0 /JKr curve. This was expected since theGPW
0

are always smaller than theGEB
0 in the region of largehn/E

~see Figs. 4 and 5!. We conclude that

JEB
0 ~hn!

JEB
Cb~hn!

>
JB
0~hn!

JB
Cb~hn!

.
JPW
0 ~hn!

JPF
Cb~hn!

. ~24!

This result is illustrated in Fig. 18 for the Ag plasma at 1
keV. Because of the last inequality, it would not bring a
improvement to use extrapolation or interpolation laws
volving ratiosJ B

0/J B
i or JEB

0 /JEB
i . The precision on the resul

would in fact not be better than the precision on the dir
EB evaluation. The last one is overestimated by the unpr
sion of GEB

0 at the first pole, that is,G(1.116kT1hn,hn)
when using 12 poles. Ifhn is bigger than around 5 keV an
hn13kT is smaller than around 200 keV, the precision
JEB
i through Eq.~20! should be better than 12%. In conclu

FIG. 18. Ratio of the neutral atom to the Coulombic emissiv
coefficient. ---, Born approximation; ––, Elwert-Born approxim
tion; s, using PF@13# cross sections for the Coulomb case and P
elaborate cross sections@5# for the neutral limit.
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55 923BREMSSTRAHLUNG IN HOT PLASMAS WITH . . .
sion, unless at high photon energies or temperatures w
relativistic Coulomb cross sections should be used, suc
the ones of Ref.@23#, the emissivity coefficient is given sa
isfactorily by

JEB
i ~hn!

JKr~hn!
5(

j
wiGEB

i ~ t ikT1hn,hn!, ~25!

usingGEB from Eqs.~6! and ~8!.

V. TOTAL POWER EMITTED
BY A MAXWELLIAN PLASMA

A. Expression of the total power emitted

The total power radiated P „~dimension!5
~energy!@~volume!/~time!#… is given equivalently by the inte
gration ofW(E) over the electron energy distribution or o
J(hn) overhn:

P5E
0

`

W~E! f ~E!v dE5E
0

`

J~hn!d~hn!. ~26!

The referencePKr based on Kramers cross sections is, i
mediately,

PKr5
1

21.531.5p2.5

e6

«0
3c3m1.5\

Z2AkT, ~27!

where the constant is 331026 ~in a.u.!, 3.84310229 ~in SI
units!, and 4.86310237 in the second case but forkT in keV.
The total power loss off an optically thin plasma is, final
per unit of volume,(iNeNiP

i .
The dependence of the ionic total power loss on the in

vidual cross-section Gaunt factors is given by a dou
Gauss Laguerre integration

Pi

PKr
5(

j
wj t j

Wi~E5t jT!

WKr
5(

j
wj

Ji~hn5t jT!

JKr~hn5t jT!
,

~28!

Pi

PKr
5(

j
wj(

k
wkG

i@E5~ tk1t j !kT,hn5t jT#. ~29!

In the Born and EB approximations thePi /PKr by use of
Eqs. ~14! and ~15!, depend only ona5Z/Zi and on the di-
mensionless parameterLi52A2mT/(\l i). When using 12
poles in each summation, 144 cross sections are neede
Eq. ~29!, but only thej -k pairs with j andk,6 are usually
contributing significantly. Since the second pole has the b
gest weightw, the major contribution comes rigorously from
the pairtk5t j5t250.611 in Kramers approximation and i
fact also when usingGEB

Cb . This pair corresponds tohn/E
50.5. It thus seems essential that the cross section for
point be of a good quality. The contributions leading to mo
than two-thirds ofP come from the much wider regio
hn/E5t j /[ t j1tk]50.10–0.85. Good cross sections th
seem to be needed over nearly the whole spectrum. The
siderations of Sec. III fortunately let us hope for favorab
cancellations effects.
re
as

-

i-
e

in

-

at
e

n-

B. Results of total power losses

Results in the Born and EB approximations are given
Fig. 19 for various degrees of ionization. The two sets
values differ by a factor of 1.39–1.54. It is close to the val
of the Elwert factor& for the dominant above pairi5 j52
and is consistent with Eq.~16!. Of course,Pi is smaller for
smallerZi andkT.

Results are given in Fig. 20 in the Coulomb case
which Eqs.~13! and ~28! straightforwardly lead to

PB
Cb

PKr
5
2)

p
,

PEB
Cb

PKr
5
2)

p
2 ln2. ~30!

These two constant values encompass the KL data po
obtained in the Sommerfeld approximation, as we read th
approximately from Fig. 6 of Ref.@15#. We also determined
PPF
Cb from the Coulomb cross sections of Ref.@13#. The curve

obtained lies in agreement with the KL points only for n

FIG. 19. Total power losses for Ag ions vskT~eV!/Z2 as ob-
tained in the Born~---! and EB~––! approximations by Eqs.~28!,
~14!, and~15!. Ag plasma at a temperature of 10 keV.

FIG. 20. Total power losses for the Coulomb limit. ---, Bo
approximation; ––, EB approximation of Eq.~30!; •••••, EB ap-
proximation but using the full expression of the Elwert factor in E
~7!; —, based on the Coulomb cross sections of Ref.@13# and Eq.
~29!; –-–, same as —, but when always imposing nonrelativis
cross sections;d, Karzas-Latter results@15#.
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924 55M. LAMOUREUX AND N. AVDONINA
too largeT’s, as the quantum model of Sommerfeld is no
relativistic. In Pratt and Feng’s, more versatile evaluati
there is an energy domain where Elwert-Born cross sect
are used. In that case, the relativistic formula@23# is adopted
for heavy ions whenE.~2ZaFS!

43511 keV52.3231025 Z4

keV, that is, 113 keV forZ547. If we impose that the
Elwert-Born approximation be always applied in the nonr
ativistic form, we indeed reproduce the KL curve over t
whole abscissa range considered in Ref.@15#, that is, until
kT~eV!/Z2513 600. Figure 20 also shows that the KL poin
coincide at largeT’s with the full Elwert-Born-Coulomb ap-
proximation usingEF(E,hn) of Eq. ~7!. This again shows
that the KL data are correct only for small or moderate te
peratures.

At very highT’s, we also question about our simple es
mates. After looking at the exact Coulomb cross sections@5#
for Z547 it seems prudent to avoid situations when sign
cant contributions toP come from cross sections involvin
E.Elim5250 keV, which roughly sets the limit o
T5Elim/5550 keV. It is not restrictive since Ag is alread
fully stripped at smaller temperatures except for the cas
extremely tenuous plasmas. Therefore the figures to c
will not cover huge temperatures, unlike what was done
former papers@15,10#, where results were given far beyon
the domain of validity of the nonrelativistic atomic mode
used.

As a last remark, we mention that use of the full Elwe
factor of Eq.~7! is only slightly more satisfying at large bu
still reasonableT’s than use of the simple Elwert factor. Th
would make us lose the one parameterLi dependence men
tioned above for the sake of a negligible advantage. In o
words, we switch directly from a domain where the nonr
ativistic simplified EB approximation in a screened poten
is a good approximation to a domain where the full relat
istic Coulomb treatment is necessary.

Figure 21 gives results in the two extreme casesZi5Z
and 0 for the abscissakT~eV!/Z251–100. We checked agai
that full Elwert-Born and simplified Elwert-Born approxima
tions give the same values at these temperatures of aroun
keV. The Coulomb Pratt-Feng and KL results fall betwe

FIG. 21. Total power losses for the Coulomb and neutral lim
Same notations as in Fig. 20, but for the use of the parame
potential in the neutral case~—! obtained from Eq.~29! by use of
interpolated elaborate PW cross sections@5#.
-
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the Coulomb EB and Born curves. Moreover, we calcula
the PPW

0 , using again exactWPW
0 by interpolations from

tables @5#. It lies between the neutral atom Born and E
curves, as expected indeed from theW0 results of Fig. 10.
The energy lossWEB

0 was slightly bigger than the more exa
WPW

0 at smallE values andWB
0 was slightly smaller. Owing

to the integration overE, the curve for the total power los
lies about halfway between the EB and Born curves until
abscissa of around 50~i.e., kT of 110 keV!, where it merges
into the Coulomb curve.

C. Recommendations for the determination
of ionic total power losses

As expected from these remarks and from Fig. 21,
ratios of the neutral over the Coulomb total power losses
very similar in the three models used~see Fig. 22! so that we
could try to evaluate the total power loss by

Pi5PCb@Pi /PCb#B or EB. ~31!

The precision of the determination lies again in the precis
with which exact Coulomb data are known. As the Karza
Latter results are limited to smallT’s and are only readable
from a few curves, use of the Coulomb cross sections of R
@13# seems, at present, to be the only possibility enabling
to cover a large temperature range. They have the drawb
of being a succession of four types of evaluations with
smoothing between the four regions of validity and they m
not be precise enough, no more than theWPF

Cb in Table I.
Figure 21 confirms indeed that it is just as satisfying to ta
the median of the EB and Born estimates. The total pow
loss Gaunt factor for an ion of degree of ionizationi is thus
easily obtained by

.
ic

FIG. 22. P0/PCb is the ratio of the neutral atom to the Coulom
bic total power loss: ---, Born approximation; ––, EB approxim
tion; —, using PF@13# cross sections for the Coulomb limit an
interpolated elaborate PW cross sections@5# for the neutral limit.
P0/PKr is the neutral estimate. ----, extrapolated from thePPF by
Eq. ~31!; –-–, based on using 0.5(WEB

0 1WB
0) as in Eq.~32!; –•••–,

same as–-–, but using the full expression of the Elwert-Gaun
factor inWEB

0 ; –, evaluation from Eq.~29! by interpolating from
elaborate PW cross sections@5#.
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Pi

PKr
5(

j
wj t j

WiFPi5
2A2mtjT

\l i
G

WKr
~32!

using Eq. ~17b! for Wi . When using 12 poles, the first
terms are usually sufficient. Figure 22 shows that this dir
evaluation leads to results of a good quality and of a com
rable quality as the ones obtained by the interpolat
scheme of Eq.~31!. This comes about because the inacc
racy corresponding to the EB and Born approximations
smoothed out by the integrations overhn andE as well as by
the half sum. Though the neutral atom case is of little inter
to hot plasmas, it enables one to probe our screened
mates thanks to the availability of the very precise PW
ergy losses@5#. The precision is around 3% for this examp
Notice that for the other extreme, i.e., the Coulomb case,
precision is 10% based on the same simple use
0.5~WB1WEB!, leading then to a constant value of 1.32PKr .
Figures 19 and 22 show finally thatPi /PKr does not vary
strongly withZi , nor with T. The essential temperature d
pendence ofPi comes fromPKr itself in Eq. ~27!.

For high T’s when all ions are fully stripped, the tota
power loss can be evaluated from Eq.~29! using the relativ-
istic Coulomb-Gaunt factors of Ref.@23#. The limit tempera-
ture can be defined by recalling that the dominant ion i
plasma has an ionization potential such thatI5zkT, z being
of order 3 for dense plasmas and as high as 10–15 for l
density hot plasmas@27#. We can admit that all ions are fully
ionized for twice that temperature. This sets the limit te
perature ofkTlim~eV!/Z2>25z for a complete ionization.

For lower temperatures, the total power loss for an ion
the plasma is obtained for the examples considered here
a precision better than 10% by the simple equations~32! and
n

.

.

os

0

ys

R

ia
ct
a-
n
-
e

st
ti-
-

e
of

a

-

-

n
ith

~17b!. Use of Eq.~17a! instead of Eq.~17b! would evidently
lead to an even much better precision.

VI. CONCLUSIONS

For moderate energies and temperatures, the bremss
lung losses and emissivities of electrons scattered by
tially stripped ions cannot be given correctly by a Coulom
treatment in either theZ/r , Zi /r , or the (Z2Zi)/r field. We
have noticed anyway that very few data of good quality
published for the Coulomb case itself, especially for t
cross sections and the energy losses. Moreover, theJ andP
Coulomb results given in Figs. 15 should be used only wh
the nonrelativistic regime is valid. This lack of data makes
unadvisable at present to apply interpolation laws involv
the Coulomb limit. Let us finally mention that, until excelle
Coulomb data are published, reasonably good Coulomb
over a large energy range can be determined from the c
sections recommended by Pratt and Feng@13#.

Returning to our main interest in bremsstrahlung at m
erate energies, the screening by the bound electrons play
important role. On the basis of a comparative study of va
ous approaches, we could establishab initio appropriate ex-
pressions by using a screened analytical potential and
playing with relatively simple approximations. The prese
article provides formulas convenient to use for the ionic
diative losses and emissivities@See Eqs.~2!, ~17!, ~25!, and
~32!#.
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